This article calculates the energy gain of a single relativistic electron interacting with a single gaussian beam that is terminated by a metallic reflector at normal incidence by two different methods: the electric field integral along the path of the electron, and the overlap integral of the transition radiation pattern from the conductive foil with the laser beam. It is shown that for this instance the two calculation methods yield the same expression for the expected energy change of the electron.
I. INTRODUCTION
A recent proof-of-principle experiment for laser-driven particle acceleration [1] employed a single linearly polarized laser beam interacting with a 30 MeV relativistic electron beam in a semi-infinite vacuum terminated by a thin metallic boundary. The high reflective surface prevents the laser beam from interacting with the electron beam in the space downstream of the boundary. Figure 1 illustrates the accelerator setup used in the proof-of-principle experiment, which is similar to the arrangement originally proposed by Edinghofer and Pantell [2] . E is the electric field of the laser and is the field component parallel to the electron beam trajectory. For this simple setup the energy gain for the electron beam is most conveniently calculated by integrating the electric field component of laser beam that is parallel to the electron beam ( ) along its trajectory over the interaction length with the laser. As shown in Figure 1 this corresponds to the semi-infinite space upstream of the The energy gain observed in the proof-of-principle experiment was in good agreement with the energy gain expected by employing equation 1. It was observed to scale linearly with the amplitude of the laser electric field, showed the expected laser polarization dependence and occurred only in the presence of the field-terminating boundary.
Many other laser-driven particle acceleration schemes employ equation 1 to calculate the energy gain. Examples include crossed gaussian laser beams [3] , Hermite-gaussian laser beams [4] , and other arbitrary laser beam or light diffraction electric field profiles [5] . In addition to semi-open free space laser accelerators other schemes like Inverse-Cerenkov accelerators [6] and guided-wave accelerators [7] (optical or RF) also employ the path integral method of equation 1 to estimate the electron beam energy gain.
Equation 1 results from integrating the Lorentz force acting on the electron over its path where it interacts with the external field. However, Poynting's Theorem offers an alternative method for calculating the energy change of the electron. Poynting's Theorem [8] states that inside a given volume V
where is the mechanical work on the electric charges in the volume V, is the change of the electromagnetic energy stored in the volume V, and the last term is the energy flux leaving the volume V through its boundary S. It has been shown that for the case of an electron interacting with an external electromagnetic field (like a laser) equation 2 can be rewritten to express the energy change of the electron as the overlap integral of the wake field of the electron in the presence of the structure or medium with the laser field [9, 10] .
where now represents the energy gain of the charged particle. The quantities and are the laser and electron fields in the presence of the structure [10]. Figure 2 illustrates a generalized situation of an electron interacting with a structure or medium in combination with an external laser field. • The wake field amplitude is much smaller than the external driving amplitude, that is laser wake E E r r << . Thus one can neglect the wake field radiation contribution from the accelerator structure or medium. This can be Cerenkov, aperture, transition radiation or even undulator radiation in a wiggler, or any combination of these depending on the specific structure.
• The orbit of the electron suffers no appreciable change in the presence of the driving field. For relativistic electrons this is usually a valid approximation.
• There is no change in the stored electromagnetic energy in the volume where the acceleration is calculated, thus
• There is no ohmic loss in the accelerator structure or medium, such that the energy flux of the laser into the volume is equal to the energy flux of the laser exiting the volume, and furthermore the only contribution to U ∆ comes from the energy gain of the electron beam and not from currents in the medium.
• Other possible non-radiative scattering losses are neglected These assumptions are realistic for most laser-acceleration experiments, such as the laseracceleration proof-of-principle LEAP experiment, and hence it is of interest to calculate the energy change of the electron beam by the inverse-radiation picture described in equation 3 and compare it to the familiar path-integral energy gain calculation method.
II. THE PATH INTEGRAL ENERGY GAIN METHOD
A linearly polarized TEM 00 gaussian laser beam is assumed to interact with a relativistic electron beam in free space over a finite distance. The expression for the gaussian beam electric field magnitude is derived by the assumption that the laser beam profile variation in the transverse dimension is much smaller than the variation due to the optical phase in the longitudinal dimension. With these assumptions, and derived as a scalar, the amplitude of the transverse electric field component is [11] ( ) ) ) 
To calculate the energy gain of the particle the field component has to be evaluated and integrated along the z-axis.
( ) (
Since is a scalar quantity the orientation of this field in the coordinates has to be added by hand. Allowing for the polarization angle Thus the expression for the TEM 00 gaussian laser beam in the ( )
The coordinates ( are evaluated as functions of
is a real quantity. Expressed as the real part of a phasor. Figure 4 shows the longitudinal electric field for a laser beam not terminated at the boundary. Notice that the region of interest where the laser field has a significant contribution is much smaller than the Rayleigh range 0 z z << . Furthermore notice that the amplitude of oscillation of the electric field has a gaussian-like envelope, which is mostly due to the finite transverse extent of the gaussian beam. to obtain the energy gain, however for the purpose of deriving an analytical expression assume that adjacent electric field oscillations nearly cancel except for the very last field oscillation in front or the terminating boundary. 
With this in mind the optical phase term in equation 14 becomes Notice that the optical phase term for crossed laser beams derived by Sprangle, Esarey and Krall contains instead of . This difference is due to the inclusion of the intrinsic longitudinal electric field of a gaussian beam in their derivation that is neglected in this discussion, which is valid for the present situation where 
III. THE INVERSE TRANSITION RADIATION PICTURE
We proceed to calculate the electric retarded field of an electron approaching an infinite conductive boundary at normal incidence, and model it as a superposition of a charge and an image charge approaching each other at uniform velocity and stopping abruptly at the boundary. Figure 6 illustrates the situation, where the electric field at the observation point O with coordinates ( )
is to be calculated. The retarded electric field of an accelerating charge can be found to be
In the frequency spectrum this corresponds to ( ) ( )
Assume the collision time is infinitely short, hence the term The compact expression of the electric field in radial coordinates implies that the overlap integral calculation between the laser field laser E r and the transition radiation field is most conveniently carried out in the Thus the total laser field in the presence of the boundary is 
This will satisfy the condition that for a lossless boundary
Assuming no electromagnetic energy is stored in the volume of interaction and no ohmic losses Poyntings' Theorem predicts an energy change for the electron
where it is assumed that (
. This expression can be expanded to ( ) 
The second term in 58 has terms with positive frequencies only and therefore averages to zero for long integration times. Therefore Comparing to equation 22, one can conclude that for a laser beam terminated by a conductive boundary at normal incidence to the electron beam the energy gain expected from the path integral (equation 22) is the same as the energy gain calculated by the inverse-radiation overlap integral method.
